arXiv:1503.08186vl [math.DG] 27 Mar 2015 


Riemannian metrics on an infinite dimensional 

symplectic group 

Manuel Lopez Galvan* 


Abstract 

The aim of this paper is the geometric study of the symplectic op¬ 
erators which are a perturbation of the identity by a Hilbert-Schmidt 
operator. This subgroup of the symplectic group was introduced in 
Pierre de la Harpe’s classical book of Banach-Lie groups. Throughout 
this paper we will endow the tangent spaces with different Rieman¬ 
nian metrics. We will use the minimal curves of the unitary group and 
the positive invertible operators to compare the length of the geodesic 
curves in each case. Moreover we will study the completeness of the 
symplectic group with the geodesic distance. 


1 Introduction 

The symplectic group has many applications in quantum theory with in- 
hnitely many degrees of freedom, i.e. in canonical quantum field theory, 
string theory, statistical quantum physics and solition theory. According to 
Shale’s definitions mi. if we have a quantization R{.) of the real Hilbert 
space it is of interest to determine the subgroups of the symplectic 

group consisting of those g for which exists an unitary transformation Y(g) 
such that R{gz) = Y{g)R{z)Y{g)~^ for all z E R. Let \g\ := {g*gy^'^ 
be the absolute value operator, in mi it was proved that in the case of 
Fock-Cook quantization (see [5] for some background) the subgroup is {g : 
|5f| — 1 is Hilbert-Schmidt}. 

In this paper we study a variant of this subgroup, in which g is only a 
perturbation of the identity by a Hilbert-Schmidt operator. In classical hnite 
dimensional Riemannian theory it is well known the fact that given two points 
there is a minimal geodesic curve that joins them and this is equivalent to 
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the completeness of the metric space with the geodesic distance; this is the 
Hopf-Rinow theorem. In the inhnite dimensional case this is no longer true. 
In [15] and [3], McAlpin and Atkin showed in two examples how this theorem 
can fail. The main result of this paper establishes that if we consider the left 
invariant metric in the restricted symplectic group then its geodesic distance 
makes of the group a complete metric space. In the process to do it, we use 
the existence of a smooth polar decomposition in the group; this will allow 
us to dehne a mixed metric related to the unitary and positive part of the 
group. In this way we will use minimality results of the restricted unitary 
group U^iT-i) (see [2]) and we also prove some geometric properties of the 
symplectic positive operators with different Riemannian metrics. 

2 Background and definitions 

Let T-L be an inhnite dimensional real Hilbert space and let B{'H) be the space 
of bounded operators. Denote by B 2 {'H) the Hilbert-Schmidt class 

B^iU) = {a e B{n) : Tr{a*a) < oo} 

where Tr is the usual trace in B{'H). This space is a Hilbert space with the 
inner product 

< a,b >= Tr(h*a). 

The norm induced by this inner product is called the 2-norm and denoted by 


alia = Tr{a*af/^. 


The usual operator norm will be denoted by || ||. 

If ^ C B{l-L) is any subset of operators we use the subscript h (resp ah) to 
denote the subset of Hermitian (resp. anti-Hermitian) operators of it, i.e. 
Ah = {x E A'. X* = x} and Aah = {x E A\ x* = —x}. 

We hx a complex structure; that is a linear isometry J E B{'H) such that, 

= —1 and J* = — J. 

The symplectic form w is given by w{^,ri) = {J^,ri). 

We denote by GL{'H) the group of invertible operators, with GL{1-L)^ the 
space of positive invertible operators, and by Sp('H) the subgroup of in¬ 
vertible operators which preserve the symplectic form, that is G Sp('H) if 
w{g^,gri) = w{^,ri). Algebraically 

Sp{'H) = {geGL{'H)-.g*Jg = J}. 
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This group is a Banach-Lie group and its Banach-Lie algebra is given by 
sp{T-L) = {x e B{H) : xJ = —Jx*} . 

Denote by Hj the Hilbert space H with the action of the complex held C 
given by J, that is; if A = Ai + iX 2 G C and ^ E Ti we can dehne the action 
as A^ := Ai^ + X 2 J^ and the complex inner product a.s < ^, 1 ] >c=< > 

Denote by the space of bounded complex linear operators in "Hj. A 

straightforward computation shows that BiT-Lj) consists of the elements of 
H('H) which commute with J. 

One property that we will use in this paper is the stability of the adjoint 
operation. We give a short proof of this fact. 

Proposition 2.1. If g E Sp('H) then g* E Sp('H). 

Proof. The proof is a short computation using the dehnition, indeed ii g E 
Sp('H) then g*J = Jg~^ and times by gJ we obtain gJg*J = —1 then 
gjg* = J. □ 

The above proposition leads us to one of the most important properties of 
the symplectic group, that is the stability under polar decompositions. 

Corollary 2.2. If u\g\ is the polar decomposition of an element in Sp('H) 
then its unitary part u and its positive part \g\ belong in Sp('H). 

We consider now the restricted subgroup of Sp('H) 

Sp,{'H) = {gESp{'H):g-lEB 2 {'H)}. 

Since B 2 {'H) is a Banach algebra, it is clear that this subgroup is also stable 
for the adjoint operation and for the polar decomposition; we denote by 

U 2 {'Hj) = {gEU 2 {'H):gJ=Jg} and 

Sp^(^) = {9 ^ Sp2('H) : ^ > 0} 

its unitary part and positive part respectively where U 2 {'H) is the classical 
unitary group whose elements are Hilbert-Schmidt perturbations of the iden¬ 
tity operator 1. It is obvious that the unitary part is a closed subgroup of 
Sp 2 ('H). In the inhnite dimensional setting, this does not guarantee a nice 
submanifold structure; in Proposition 13.31 we will prove that U 2 {'Hj) is a 
Banach-Lie subgroup of Sp 2 ('H). 
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Throughout this paper, if M is any submanifold of the symplectic group, we 
will denote by h{g,v) the metric in each tangent space TgM. The length of 
a smooth curve measured with the metric b will be denoted by 



We define the geodesic distance between two points p, g G M C Sp 2 ('H) as 
the inhmum of the length of all piecewise smooth curves in M joining p to q, 


db{p, q) = inf {T[,(a) : a C M, a(0) = p, «( 1 ) = q} . 


3 Local structure of Sp 2 (H) 

Some of the following facts are have been well-known for general Schatten 
ideals, more precisely the Banach-Lie group structure was noted in the book 
[2]. Here we will complete some details for our case of the Hilbert-Schmidt 
ideal. 

Given gi,g2 G Sp 2 ('H), it is obvious that gi — g2 belongs in B2{'H)] hence we 
can endow the restricted symplectic group with the metric ||gi — g 2 \\ 2 - 

Proposition 3 . 1 . The metric space (Sp2('H), ||.||2) is complete. 

Proof. Let (a;„) C Sp2(7^) be a Cauchy sequence, then — 1 is a Cauchy 
sequence in B2{'H). From this, we can take x G B2{'H) such that Xn —> 1 + 
X := Xq in ||.|| 2 . It is clear that Xq verihes the algebraic relation XqJxq = J; to 
complete the proof we will see that Xq is invertible. Indeed, from x* G Sp2(7{) 
we have XnJx*^ = J, then this relation is transferred through the limit to Xq. 
We can now dehne the inverse of xq as Xq^ := —JxqJ, it verihes: 


Xq^Xq = —JxqJxq = 1 and XqX^^ = Xq{—JxqJ) = 1. 


□ 


3.1 Differentiable structure 

Now we will show that Sp 2 ('H) has differentiable strncture. Let us denote 

= {x G B2{H) : xJ = -Jx*}. 

It is clear that sp 2 (^) is a Banach-Lie subalgebra of B 2 {'H). 

Lemma 3 . 2 . Sp2('H) is a Banach-Lie group. 
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Proof. Let exp ; B2{'H) 1 +B2{'H) be exp(x) = the exponential map. If 

we compute the exponential on sp2(7f), its image belongs in Sp2(7f). Indeed, 
if X verihes xJ = —Jx* then J = Je~^* = and thus e^Je^* = J; 

moreover we have that — 1 = x + x"^/2 +... G B2{'H). Since the exponential 
is a local diffeomorphism (do exp = Id) there exists r < 1 such that 

U = {x = \og{g) : \\g - 1||2 <r}^V = {gel + B 2 {H) : ||^ - 1||2 < r} 

is an analytic diffeomorphism. 

On the other hand if G Sp 2 ('H) meets \\g — 1||2 < r (r < 1) the exponential 
is a diffeomorphism and then its inverse is given by the logarithmic series 
X = \og{g) = ^ B 2 {'H) and satishes the condition xJ = 

— Jx*. Therefore exp is one to one between U nsp 2 (’H) and V nSp 2 ('H). We 
have found a local chart around 1. This construction can be translated to 
any point in Sp2(7f) using the left action of Sp 2 ('H) on itself. □ 

Since the exponential map exp : B 2 {'Hj)ah U 2 {'Hj) is surjective (see [2]), 
it is clear that exp(sp 2 ('H)ah) = U 2 {'Hj)- 

Proposition 3.3. The unitary subgroup f/ 2 ('Hj) is a Lie-subgroup o/Sp 2 ('H). 

Proof. Let t/ be a neighboord of 0 in sp 2 ('H) such that the exponential map 
is a diffeomorphism, we can assume that 17 = {x G sp 2 ('H) : ||a :||2 < r} for a 
suitable r > 0. It is clear that we always have 

exp(sp 2 ('H)a/x n t/) c U 2 {'Hj) n exp(17). 

Conversely, suppose that g G U 2 {'Hj) H exp(17) then g = e^ for some y E U; 
hence 1 = gg* = e^e^ and then = e~^ . Since —y* also belongs in U and 
the exponential is one to one, we have that y = —y* and thus y G 5p2{PL)ah- 
Then we have exp{sp 2 {'H)ah C]U) = U 2 (PLj) fl exp(17) and this implies that 
is a Lie-subgroup of Sp2(7f) (see Prop. 4.4 in the book [4]). 

□ 


4 The left invariant metric of Sp 2 (H) 

Again, using the left action of Sp 2 ('H) on itself, the tangent space at G 
Sp 2 ('H) is 

(TSp2(7f))3 = ^?.sp2(7f)cS2(7f). 

We introduce the left invariant metric for v G (TSp2('H))g by 

Aa.v) := ||^■^n||2• 
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This metric comes from the inner product 

{v,w)g = {g-^v,g-^w) = tr{{gg*)-^vw*). 

In the followings steps we recall the metric spray of GL 2 {'H) with the left 
invariant metric, for more details see [T]. We will follow the notation of 
Lang’s book na. For the metric expression g \—)■ Ig where IgV = {gg*) 
we obtain the metric spray (see ini) 

Fg(v) = vg~'v + gv'IgV - vv’(g’)~\ 

Using the polarization formula 

rg(n, w) = 1/2 {Fg{v + w)- Fg{v) - Fg{w)} 

we obtain the bilinear form associated to the spray, that is for g G GL 2 {'H) 
and V = gx, w = gy E TgGL 2 {'H), 

99) = xy + yx + x*y + y*x - xy* - yx*. 

The covariant derivative of the spray is Dtr] = r] — r{ri, a) where a : (—e, e) 
GL 2 {'H) is any smooth curve and r; is a tangent held along a. 

Proposition 4.1. Ifrj is a field along a curve a we define (3 = a~^a and y = 
the fields at the identity, then the covariant derivate can be expressed 
by 

a-^Dtrj = /i + l/2{[/3,/i] + 

Proof. From the covariant derivate formula, we have 

a~^Dtrj = — a“^F(ap,, afi). 

If we write rj = ay and a = a(3, using the product rule to differentiate rj we 
obtain 

a~^f] = a~^ay + y = fiy + fi. 

□ 

The above formula can be restricted to Sp2(7{) preserving the tangent helds, 
that is, 8 ^ 2 ( 33 ) C GL 2 {'H) is totally geodesic. 

Proposition 4.2. If a C. Sp 2 ('H) is a curve and rj a field along a then 

Ah e (TSp 2 (?^))„ = a.spfi'H). 
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Proof. Let [3 = a~^a and /i = a~^r] be the fields moved to sp 2 (fH), we will 
show that a~^Dtr} C sp2(^)- Indeed /i verifies fiJ = —Jfi*, if we derive, 
we obtain /iJ = —Jfi* and /i is a Hilbert-Schmidt operator and that lies 
in sp 2 ('H). The brackets [/3,/i*], [p, (3*] are all in sp 2 ('H) since it is a 

Banach-Lie algebra, then using the above proposition 

a~^Dtr] = fi + l/2{[/3,/i] + [/3,n*] + [n, 13*]} C 

□ 

This shows that the Riemannian connection given by the left invariant metric 
in the group Sp 2 ('H) matches the one of GL 2 {'H). Particularly the geodesics of 
Sp 2 ('H) are the same than those GL 2 {'H)', if go G Sp 2 ('H) and goVo G go.5p2{'H) 
are the initial position and the initial velocity then 

a{t) = goe^^oe<^°-^o) c 

satisfies Dta = 0 (see m)- In this context the Riemannian exponential for 
g G Sp 2 ('H) is 

Expg{v) = gp’* 

with V G 5p2('H). 

5 Metric structure in SpJ(?/) 

5.1 Sp^(7/) as a submanifold of 

It is not difficult to prove using the functional calculus that the exponential 
map can be restricted to the Lie-algebra sp 2 ('H)h making it diffeomorphic to 
Sp^('H); in this way 

exp : 5 p2{H)h —Sp^('H) 

is a diffeomorphism. From the stability of the adjoint operation in Sp 2 ('H) 
(Proposition 12.ip we can restrict the natural action of the invertible group 
to the set of positive invertible operators. 

Lemma 5.1. The natural action I : Sp 2 ('H) x Sp^(^) —t Spti'H) given by 

{g, a) I—^ gag* 

is well defined and transitive. 

Proof. The map {g, a) i —>■ gag* is well defined as a direct consequence of 
Proposition 12.11 it is clear that gag* G Sp 2 ('H) and it is positive. X,Y G 
Sp^("H), we can assume that X = e^, Y = e^ where x,y E sp 2 (fH)h] then if we 
consider the operator g = epPe~yP g Sp 2 ('H) it verifies that X = gYg*. □ 
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Now we endow the closed submanifold Sp^('H) with a Riemannian metric; 
if a G Sp^('H) and x G TaSp^(?f) = : q G Sp^('H)} 

we put the metric of positive operators (see [7] and [I6]) given by 

p(a,x) := \\a~^^‘^xa~^^'^\\2. 


Remark 5.2. The above metric is invariant under the action of the group 
Sp 2 ('H), that is: if x E TaSp^('H) then 


vigag^g^g*) = p{a,x). 

The curve 7 pq(f) = pi/ 2 (p-i/ 2 gp-i/ 2 ^tpi /2 ^ pi/ 2 ^t{in{p ^/^qp Sp^("H) 

joins p to q and its length is 

Lvilpq) = II ln(p"^/2gp"^/^)||2. 

This curve is minimal among all curves in Sp^ (TL) that join p to q. We will 
give a short proof of this fact, the key is the following inequality. 

Remark 5.3. (See /77]/ ) If dexp^ denotes the differential of exponential at 
X of the usual exponential map, then 

p(e^,dexp^(l/)) = |le“^/^dexp^(|/)e"^/2||2 > Iblh- (5.1) 


for any x,y E B 2 {H)h- 

Theorem 5.4. Let p,q G SpJ(?f) then ■jpg C Sp^('H) has minimal length 
among all curves that joins p to q. 


Proof. We can suppose that p = 1, then 'jiq(t) = e^^ where x = ln(g) and its 
length is ||x ||2 = || ln(g)|| 2 . If a is another curve that joins the same points, 
then it can be written as a{t) = where f3{t) = ln(a(f)) C sp 2 ((H)h- Using 
the above remark we have 

2< [ \\f{t)\\2dt 
Jo 


Lpillq) = 


\x — 


2 - 


fJ{f)dt^ 


and also 

p(a,d) = p(e^(*\dexp^(i)(/3(t))) 

= ||e"^(*^/2dexp^(j)(/3(f))e"^(*)/2||2 > \\f{t)\\2- 

□ 


It can be shown that the metric space (Sp^('H),dp) is complete. This fact 
was proved in [S] or [13] in another context; in this context we also can derive 
from fl5.ll) the known inequality 

dpip,q) > II logp - logg ||2 

for p,q E Sp^(?f); the proof of completeness can be adapted easily, therefore 
we omit them. 




5.2 Spj^(7/) as submanifold of the ambient space 

Here we will think Sp^('H) as a submanifold of the real Hilbert space H]^ : = 
M © B 2 {'H)h with the natural inner product 


< A + a,/i + 6 >= Xfi + Trip*a). 

From the action given by Lemma 15.11 we can dehne for each a G Sp^ ("H) the 
map 

Tla ■ SP 2 ('H) Sp^('H), TTa{g) = QttQ*. 

Observe that, since the action is transitive this map is onto and as in the 
case of the full space of positive invertible operators H('H)’''(see [6]), we have 
that aa{b) = dehnes a global smooth section of vTa. Note that this 

map is well dehned and its image belongs clearly to Sp 2 ('H). 

If g is any element in Sp^('H), we can consider the real linear map 

Ug : Hr—> Hr, XI —> ^{x + gJxJg). 

This map is well dehned and a short computation shows that the range 
belongs to B 2 {'H)h- 

Lemma 5.5. The map H^ is idempotent and its range is g^^‘^5p2{H)hg^^^■ 
Moreover, its adjoint map for the trace inner product is H^-i. If g = 1 this 
map is the orthogonal projection onto 5p2{H)h- 

Proof. First we prove that H^, is an idempotent map. Indeed, using the fact 
that gJg = J, 

ng(x) = Y\.g{^{x + gJxJg)) = ^{x + gJxJg + gJ{x + gJxJg)Jg) = 

= \{^ + ‘^gJxJg + {gJg)JxJ{gJg)) = Ilg{x). 

Now we will prove that Ran(ng) = g^/5p 2 {fH)hg^^■ Indeed, let g^l’^xg^l’^ 
with X G 5p2{H)h-, then using that = J (that is g^^'^ G Sp^('H)) and 

the relation of x with J we have 

Finally, note that the range is contained in g^^'^sp 2 {H)hg^^'^] 

]^{x + gJxJg) 


g-^/^xg-^/^ + g^/^JxJg^/^^g^/\ 
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To conclude we must show that the expression in the bracket anti-commutes 
with J, here we will use that = — 1 and the relation : 

= -g-^'^JJxJg^'^ - Jg-^'^g-^'^ = 

^-j{a'i^jxjg'i^ + g-'i^xa-^i^). 

Now we will show that H* = n^-i; hrst note that if x, y G by the invariant 
and cyclic properties of the trace we have 


Tr{ygJxJg) = Tr{-JygJxJgJ) = Tr{JygJxg ^)=Tr{g ^JygJx) 

= Tr{g-^JyJg-^x). 

Then the inner product is 

< ng(x),|/ >= Tr(^{^{x + gJxJg))^ = ^Tr{yx + ygJxJg) = 

= ^ {Tr{yx) + Tr{g-^JyJg-^x)). 

On the other hand, we have 

< x,Ug-i{y) >= Tr(^{y+g-^JyJg-^)x'^ = ^{Tr{yx)+Tr{g-^JyJg-^x)). 

□ 


5.2.1 Linear connection and geodesics 

It is natural to consider a Hilbert-Riemann metric in Sp^('R), which consists 
of endowing each tangent space with the trace inner product. Therefore 
the Levi-Civita connection of this metric is given by differentiating in the 
ambient space and projecting onto TSp^('H). For this, we dehne the 
positive ambient metric as; 

Pamb{g,x) := ||x||2 

were x G TgSp^('H). Using the formula of the projector over its range and 
Lemma 1531 we can calculate the orthogonal projection onto TgSp^(?^); that 

is 

-^rgSp+(w) ^ ^^(ng+n*-1) ^ = (ng-hn*-i) = (fig-hiig-i-i) ^iig-i. 

Then, if 7 is a smooth curve in Sp^('H) and X(t) is a smooth tangent held 
along 7 the covariant derivative is 
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Proposition 5.6. A curve a is a geodesic of the Levi-Civita connection if 
and only if it satisfies the differential equation 

aaa + JaJ = 0. 

Proof. Using the last expression of the orthogonal projection E, we have 

^a{t) = 0 nQ,-i(f)(ci(t)) = 0 ci + a~^JaJa~^ = 0. 

LLL 

□ 


The study of this equation will appear elsewhere. 


5.2.2 Completeness of Sp^('H) with the geodesic distance 

Here we study the completeness of the metric space (Sp^('H), It is 

easy to verify that if we have any curve 7 C Sp^ (PL) that joins a to b, then 

\\a-b\\2< [ ||7(f)||2dt = Lp_,(7). 

Jo 

From this inequality we have that 

\\a-b\\ 2 <dp^^^{a,b), for all a, 6 G Sp^(?{). (5.2) 


The key to prove the completeness will be the Proposition 13.11 and the exis¬ 
tence of smooth sections cTq. 


Proposition 5.7. The metric space (Sp^('H), dp^^J is complete. 

Proof. Let (xn) be a Cauchy sequence for the metric dp^^^, from equation 
05.211 we have that (x„) is a Cauchy sequence in ||.||2 and then from Proposi- 
tion ld.ll we can take x G Sp^('H) such that ||x„ —x ||2 0. Using the continu¬ 

ity of the global section (Tj;, we have that ||cr 3 ;(x„) —III 2 = \\o'x{Xn)— 0 'xix )\\2 ^ 
0. For n large we can take Zn G sp 2 (fH) such that Cxi^Xn) = and then it is 
clear using the previous fact that \\zn \\2 —t 0. Let 7n(i) = be a curve 

in Spf{PL) that joins 7 „( 0 ) = x and 7 „( 1 ) = = 7rx{(Tx{xn)) = Xn] 

then if we compute its length, 

1 . . 

||7n(^)||2dt = / -1-e*^"X2r*e*^"||2dt 

Jo 



Then 


< 2||^„||2||x||e^^^"^^ —?■ 0. 

dpar.,i^n,x) <Lp_j7„) ^0. 


□ 
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6 A Polar Riemannian structure 

The polar decomposition oi g E Sp2(7^) induces a diffeomorphism 
Sp,{n) ^ U 2 {Hj) X Sptm, g ^ (u, \g\). 

This fact was noted in Prop.14 (iv) on page 98 of the book [9]. The unitary 
group U 2 {'Hj) is a Riemannian manifold with the metric given by the trace. 
We can endow the product manifold U 2 {Hj) x Sp^ {H) with the usual product 
metric, that is: if v = {x,y) e TuU 2 {'Hj) X T|g|Sp^('H) we put 

\ 1/2 

u~^x\\l + p{\g\,yfj 

= (^\\x\\l + \\\9\~^^^y\9\~^^m^ ■ (6.3) 

This is the product metric in the Riemannian manifold U 2 {'Hj) x 

The map (p is an immersion, from this we can dehne a new Riemannian 

metric in the group in the following way: if v,w E (TSp2(7^))g we put 

{v,w)g := {dpg{v),dpg{w))^u,\g\)- 

It is clear that p is an isometric map with the above metric and if a is any 
curve in the group Sp 2 ('H) we can measure its length as L-p^p o a). 

Theorem 6.1. Let g E Sp 2 ('H) with polar decomposition u\g\ and suppose 
that u = with x E sp 2 (Td)ah and ||a;|| < tt, then the curve a{t) = e^^\g\‘' C 
Sp 2 ('H) has minimal length among all curves joining 1 to g, if we endow 
Sp 2 ('H) with the polar Riemannian metric f6. 51) . 

Proof. By the polar decomposition, p o a{t) = (e**, \gf) and its length is 

Lp{poa) = [ P((e*^,|^|*),(a:e*^,ln|^||^|*))dt = (||a ;||2 + || In |^|||^^^^ 

Jo 

Let jd be another curve that joins the same endpoints and suppose that 
(3 = /Si/ 32 is its polar decomposition where (di C U 2 {'Hj) and /S 2 C Sp^('H), 
then 

Lp(v>o/3)= /V((A,&), (A, &))</(= /(IIAIIi + K&.A)")''"*. 

Jo Jo 

Using the Minkowski inequality (see inequality 201 of [TU]) we have, 

j (Il/^l|l2 + P(/^2,/^2)^) ^ dt > ^|y ll/^llhl ~*”|y P(/^2,/S2)| ^ 


r{{u, \g\),v) := 
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— + Lp{j32)‘^ 

It is know that the geodesic curve has minimal length among all smooth 
curves in 1/2 (’Hj) joining the same endpoints (see [2]); using this fact and 
from Theorem 15.41 we have, 

L 2 m>L 2 {e^^) = \\xh and Lp(/32) > = || In |r?|II 2 

then it is clear that L'p{ip o (3) > L'p{ip o a). □ 

Remark 6.2. Letp,q G Sp 2 ('H), suppose that Up\p\ and Ug\q\ are their polar 
decompositions, from the surjectivity of the exponential map we can choose 
z G sp 2 (^)ah such that Uq = UpC^ with || 2 ;|| < n, then the curve 

ap,q{t) = c sp2('h) 

has minimal length among all curves joining p to q. 

The above fact shows that the curve ap^q is a geodesic of the Levi-Civita 
connection of the polar metric. Its length is 

/ \ 1/2 

(^ 11^112 + II In _ 

From this, the geodesic distance is 

dv{p,q) = {d2{up,Uqf + dp(|p|, \q\fy^‘^. 

Special case: normal speed. If the initial condition v G sp 2 ('H) is 
normal, then the geodesics starting at the identity map coincide with the 
geodesics from polar metric. Indeed, if u = a: + ?/ is the decomposition in 
sp 2 (R)h ©sp 2 ('H)a/i and v is normal a straightforward computation shows 
that X commutes with y, thus we have 

^tv* ^t(v-v*) _ gto _ _ 

This equation shows that the geodesic are one-parameter groups when the 
initial speed is normal. 

Proposition 6.3. The metric space (Sp 2 ('H),dp) is complete. 
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Proof. Let (a:„) C Sp2(7^) be a Cauchy sequence with h-p, if Xn = UxJ\Xn\ is 
its polar decomposition, we have that 

1 /2 

*^2) 'Pi d'piXm Xyri) (*^2) “ 1 “ dp(|Xjj| , [Xm|) ) 

then the unitary part is a Cauchy sequence in (t/ 2 (’Hj), <^ 2 ) and by [2] it 
is ^2 convergent to an element u G U 2 {'Hj). Analogously the positive part 
is a Cauchy sequence in (Sp^('H),dp) then it is convergent to an element 
g G Sp^('H). If we put x := ug E Sp 2 ('H) then, 

1 /2 

dp{xn,x) = {d 2 {ux„,uy + dp{\Xn\,gf) -)■ 0. 


□ 


In the next steps we will compare the geodesic distance measured with the 
polar metric versus the left invariant metric. To do it we need the following 
proposition hrst. 

Proposition 6.4. Given p,q G Sp 2 ('H), if we denote v := 

we can estimate the geodesic distance dx by the geodesic distance d-p as, 

di{P: q) < c{p, q)dp{p, q) 


where 


c(p,g)^ = 2max{ i)^|b|||b !}• 

Proof. The proof consist of estimate Lx{ap,q)', if we derive ap^g we have, 
ap,q = UpZe^^\p\P^e^^^^^^\p\P^ + Upe^^\p\P^ \n{v)e^^P^^\p\P^ 


and the inverse of the curve ap^q is 

After some simplihcations we can write 

a;,P m = ipi-‘''"e-“"‘”'ipr‘'=2ipr'"e‘'“i«>ipr/^+ipr‘'Mti(«)ipi‘'i 

Let X := \p\^Pe^^PP \p\^P, taking the norm and using the parallelogram rule 
we have. 


«pi«P.gll2 = Ik kx+|p| ^/^ln(u)|pk^||2 


< 2(\\x ka;|l 2 + 


<2 Ik- 




- 1/2 
Z\\2 + 


lnk)br/^||^) 


ln(u)||2 (6.4) 
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We can estimate ||a;|p and ||a; by 

and 

< |||p|-V2||4 g2||ln(.)|| ^ ||p-l||2g2||ln(.)||_ 

If we define 

c(p, ,)^ = 2 max { e*> (||p|l l|p-' |1) t ||p|l ||p-‘ II}. 

from fl6.4p and taking square roots we have, 

||a"Jdp,g ||2 < c{p,q){\\z\\l + || ln(n)|| 2 )^^^ = c{p, q)d'p{p, q), 

then 

diip,q) < Lxiap^q) < c{p,q)d'p{p,q). 


□ 


7 The metric space (Sp 2 ('H), tij) 


In this section we will prove the main result of this paper, that is the 
completeness of (Sp 2 ('H), dx), it will be deduced from the completeness of 
{U 2 {'Hj),d 2 ) and from Proposition 16.41 The next lemma is essential for the 
proof. 

Lemma 7.1. //(x„) C Sp 2 ('H) is a Cauchy sequence in (Sp 2 ('H),di) then it 
is a Cauchy sequence in (Sp 2 ('H), H-lb)- 

Proof. First we take IF, U geodesic neighboords of 0 and 1 respectively such 
that 

Expi : IF —>U := Expi{W) C Sp2(7^) 

is a diffeomorphism. If [xn) is dj-Cauchy, given small e there exist n{e) 
such that dx{x~^Xn+p, 1) = dx{xn+p, Xn) < £ Vp. Then we can suppose that 
x~^Xn+p e U for all p. Let ap{t) = = ExpiitVp) with Up e IF be 

the minimal curve that joins 1 to x~^Xn+p, then 

dx{x~^Xn+p, 1) = Lx{ap) = ||np||2 < 

We have 

|ldp(t)||2dt < / ||a!p(f)||||a!p^dp(t)||2dt, 

do 
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From this, 


\a. 




< e 


3||t!p 


< e' 


3e 


\\x^^Xn+p - III 2 < for all p. 

This fact shows that the sequence is bounded in the uniform norm; indeed 
if we take £0 such that the sequence belongs in the geodesic neighboord U, 
then there exists Uq (fixed) such that \\x~^XnQ+p — III 2 < for all p. 

Then if m = no + p > rio, we have 


\x. 


no I 




mill — 


X. 


no 


Xr. 


2 ^ ll^no II ll^no ^"■0+P 


- 1 , 


12 ^ 


< ||x- 


no 


|e 


then 


\\Xm=no+p\\ < llkmil “ W^noWl + l|a^noll < |knol|(l +e^^°eo) Vp. 

To complete the proof, if n is large, we have 

\\Xn+p - Xnh = \\Xn{x~^Xn+p - 1)||2 < Wp. 


□ 


Now we are in a position to obtain our main result. 

Theorem 7.2. The metric space (Sp 2 ('H), dx) is complete. 

Proof. Let (x„) C Sp2(7f) be a dx-Cauchy sequence, by the above lemma it 
is 11.11 2 -Cauchy; then from Proposition 13.11 there exists x G Sp 2 ('H) such that 

Xn X. Now we will show that x] indeed from the continuity of the 

module we have that |x„| converges to |x| in ||.||2 and its unitary part = 
Xn\xn\~^ converges to Wa, = The sequence converges 

to 1 and then the geodesic distance dp(|x„|, |x|) = || ln(|x|“^/^|xn| |x| 

0. By the equivalence of metrics in U 2 {'Hj) (see [2] for a proof) we have 


Y 1 *^2 (n^n ) rta,) ^ na;||2 ^ d2(^Ux„y'^x') 

and then 

dp(x„,x) = {d2{u^^,Uxf + dp(|x„|, \x\fY^‘^ —^ 0. 

From Proposition 16.41 we have dx{x,Xn) < c{x,Xn)d'p{x,Xn); now we will see 
that c(x, Xn) is uniformly bounded. Indeed, for n large we can suppose that 
\xn\ < + 1 then according the notation of Proposition 16.41 

Vn = ^ = 1 + 
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and by the monotonicity of the logarithm ln(n„) < ln(l + |a;| and then 
II ln(nn)|| < II ln(l + |a;| ^)|| for all n. Finally we have 

c{x^XnY = 2max{ (||x|||la:“^||)^, ||x||||x“^||} 

< 2max{ (11x11 ||x-i)^ ||x||||x-^||} 

is clearly uniformly bounded and then it is clear that di(x, x„) —0. 

□ 
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